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This article investigates probabilistic information dissemination in stochastic networks.
The following problem is studied: A source node intends to deliver a message to all other
network nodes using probabilistic flooding, i.e., each node forwards a received message to
all its neighbors with a common network-wide forwarding probability x. Question is:
what is the minimum x-value each node should use, such that the flooded message is
obtained by all nodes with high probability? We first present a generic approach to derive
the global outreach probability in arbitrary networks and then focus on Erd}os Rényi graphs
(ERGs) and random geometric graphs (RGGs). For ERGs we derive an exact expression. For
RGGs we derive an asymptotic expression that represents an approximation for networks
with high node density. Both reliable and unreliable links are studied.

� 2011 Published by Elsevier B.V.
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1. Introduction

Flooding is a basic technique for information dissemina-
tion in several networking protocols. It is needed, for
example, in route discovery, link state advertisements,
autoconfiguration, and query propagation in ad hoc and
peer-to-peer networks. In its most simple form, flooding
leads to redundant and unnecessary transmissions. The
objective is to minimize the number of transmissions
while achieving ‘‘global outreach’’ of the message sent.
Finding an optimum scheme for disseminating a message
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in a given network with minimum overhead — i.e., finding
the minimum connected dominating set — is however NP-
complete [1]. Approximation algorithms are needed.

Two main classes of approximation algorithms were
proposed to improve the efficiency of flooding. The first
class comprises deterministic algorithms approximating
connected dominating sets of networks [2–4]. The second
class comprises algorithms introducing a stochastic ele-
ment to the message forwarding process; these algorithms
are known as probabilistic flooding (PF) and gossiping
[5–9]. Some authors use both terms for the same concept;
others assume that PF uses point-to-multipoint communi-
cations and gossiping uses point-to-point communications.
Point-to-point communications means that a node sends a
message to only one of its neighbors; the node may
retransmit the same message to distinct neighbors using
multiple transmissions. This model is applied, for example,
in studies of peer-to-peer networks. Point-to-multipoint
communications means that all neighbors of a transmit-
ting node will receive the transmitted message (assuming
no errors). This model is usually used in studies of
ding in stochastic networks: Analysis of global information out-
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networks with a broadcast medium such as wireless
networks.

Using PF with point-to-multipoint communication, the
source node transmits a source message to all its neighbor-
ing nodes. Each of them then forwards the received mes-
sage with some probability that may be common to all
nodes, different for each node, or even adaptive. In contrast
to deterministic algorithms, PF algorithms do not guaran-
tee that all nodes of a connected network will receive a
flooded message even under ideal conditions (collision-
free MAC and error-free propagation medium). The set of
forwarding nodes of the communication subgraph gener-
ated by the PF process of a message needs to be a connect-
ing dominating set of the network in order to achieve
global outreach. This is only assured if the forwarding
probability of all nodes equals one (pure flooding). Besides
this special case, global information outreach can only be
achieved with a probability smaller than one.

The study of reachability in PF with point-to-point com-
munications has received good attention from the research
community both by analysis and simulation (see [10,11]
and references therein). PF with point-to-multipoint com-
munications, however, has mainly been addressed by
means of simulations [5,6,9,12–14]. Some of these studies
yield better insight into the behaviour of PF — with inspi-
ration from percolation theory — but most conclusions
do not generalize beyond the particular setup [5,6,12].

The goal of this paper is to take a mathematical approach
to the analysis of PF. Our aim is to determine analytically
how simple PF with constant forwarding probability
behaves over simple abstractions of a network, namely
random graph models. The results may be used as a refer-
ence for the study and development of more sophisticated
algorithms.1 From now on we refer to PF with point-to-
multipoint communication only by PF, as our work addresses
exclusively the reachability using this model.

We consider networks modeled by graphs generated by
stochastic processes. Two well-known models are used:

� Erd}os Rényi random graphs (ERGs). Such a graph has n
nodes, and an edge between each node pair nodes exists
with probability p [15]. The reason for analyzing ERGs is
twofold: First, it is a simple model that enables us to
derive exact results. Second, in particular scenarios
where shadow fading is the dominant component of
wireless propagation (e.g., many obstacles, indoor envi-
ronments), ERGs may be well suited for modeling net-
works [16–18].
� Random geometric graphs (RGGs) [19]. Nodes are

deployed over some area A according to a Poisson point
process of some intensity k. There is an edge between a
node pair if their distance is smaller than a transmission
range r. RGGs are often used to model wireless outdoor
scenarios without shadowing.

Consider a flooding algorithm in which each node for-
wards a received message with a network-wide forwarding
1 E.g. PF with the forwarding probability given by some probability
distribution; as function of local topology parameters; or as function of the
dynamics of the dissemination process.

Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
probability x. We ask: How small can x be while still
achieving global outreach with high probability? We an-
swer this question using methods from graph theory and
stochastic geometry. Preliminary results on ERGs were pre-
sented in [20], where we provided bounds for the global
outreach probability. The present paper improves these re-
sults deriving an exact expression and considers the more
complicated case of RGGs. Contributions are as follows:

� Presentation of a generic approach to estimate the
probability of achieving global outreach.
� Derivation of an expression for the global outreach

probability in ERGs.
� Derivation of an asymptotic expression for the global

outreach probability in RGGs that constitutes a good
approximation for dense RGGs.
� Detailed analysis of the x required to achieve global

outreach with high probability in ERGs and RGGs.
� Analysis of the global outreach probability of PF with

unreliable transmission medium for ERGs and RGGs.
� Study of the border effects in RGGs and proposal of a PF

heuristic that minimizes these effects.

The article is organized as follows. Section 2 recalls def-
initions from graph theory [15], describes the used net-
work models and PF algorithm and finally gives the
problem statement. Section 3 presents an analytical ap-
proach to compute the probability of global outreach. Sec-
tion 4 employs this approach in ERGs, leading to an
expression for the global outreach probability in such net-
works. In addition, we show (n,p,x)-tuples leading to glo-
bal outreach with high probability. Section 5 addresses
RGGs, leading to an asymptotic expression for the global
outreach probability. We also perform a numerical study,
comparing analytical and simulation results evaluating
the accuracy of the derived expressions. Again, we show
(k,A,r,x)-tuples leading to global outreach with high prob-
ability. Section 6 studies border effects of RGGs on the glo-
bal outreach probability and proposes a modification to the
PF algorithm to address these effects. Section 7 presents
analysis of global outreach probability in the presence of
unreliable transmission medium. Section 8 discusses the
achieved results in comparison to related work. Appendix
contains proofs of all lemmas and recalls two mathemati-
cal methods used: the FKG inequality [21] and Chen–Stein
method [22–24].
177

178

179

180
2. Preliminaries and problem statement

2.1. Definitions from Graph Theory

Let G = (V,E) be a graph with a set of nodes V and a set of
edges E # {{u,v} : u,v 2 V,u – v}. The number of nodes of
G, called the order of G, is denoted by n = jVj.

A node v is called neighbor of u if there exists an edge
{u,v} 2 E. The neighborhood Ng(u) of a node u is the set of
all neighbors of u. The degree d(u) of a node u is the number
of edges adjacent to u, i.e., the number of neighbors of u. A
path in a graph is a sequence of nodes such that from each
of its nodes there is an edge to the next node in the
oding in stochastic networks: Analysis of global information out-
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sequence. A graph G is called connected if there is a path be-
tween any two distinct nodes u, v 2 V.

A subgraph G0 = (V0,E0) of G is a graph with V0 # V and
E0 # E. An induced subgraph G0 of G is a subgraph in which
for any pair of nodes u, v 2 V0, {u,v} is an edge of E0 whenever
{u,v} is an edge of E (i.e. "u,v 2 V0 : {u,v} 2 E) {u,v} 2 E0). A
maximal connected subgraph G0 = (V0,E0) is an induced con-
nected subgraph of G = (V,E) that no longer satisfies the
property of being connected when adding an additional
node from VnV0 and the corresponding edges. A maximal
connected subgraph of G is called a connected component
of G. V0 is a dominating set if all nodes u that are not within
V0 have an edge to a node v0 2 V0, i.e. "u 2 VnV0$v0 2 V0 :
{u,v0} 2 E. If additionally the induced subgraph G0 = (V0,E0)
is connected, the node set V0 is a connected dominating set.
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2.2. Network models

An Erd}os Rényi random graph is a graph G = (V,p) with
node set V and edge set E built by sampling with probabil-
ity p every element of the set {{u,v} : u,v 2 V,u – v}. The
node degree is binomially distributed according to Bin
(n � 1,p) with an expected value EðdðvÞÞ ¼ ðn� 1Þp.

A random geometric graph G(A,k,r) is defined in the fol-
lowing way. Consider a Poisson point process P of intensity
k > 0 on a

ffiffiffi
A
p
�

ffiffiffi
A
p

box BA � R2, with a node located at each
point generated by P. We construct G by defining its set of
nodes V as the nodes generated by P, plus a source node s
placed uniformly at random in BA. The edge set E of G
contains all sets of nodes {u,v} of {{u,v} : u,v 2 V,u – v}, with
positions au and av, for which the toroidal distance dðu;vÞ ¼
dðau; avÞ ¼minz2Z2 au � av þ

ffiffiffi
A
p

z
��� ��� 6 r, where r > 0. The

parameter r models the node-independent transmission
range. Thus, G has N + 1 nodes, where N is a Poisson random
variable with mean Ak. The assumption of the toroidal dis-
tance model avoids edge effects (Chapter 8, [25]), thus sim-
plifying the analysis for this network model. This approach
is commonly used in the literature [17,26].
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2.3. Probabilistic flooding

A Naïve way of disseminating a message to all nodes in
a network is pure flooding. When receiving a broadcast
message for the first time a node will always forward it.
In a network with n nodes, the number of transmissions
of a source message using pure flooding is n. This tech-
nique leads to a high number of redundant transmissions,
which is commonly known as the broadcast storm prob-
lem [27].

Probabilistic flooding is a family of techniques that aim
to reduce the number of redundant transmissions, in
which the message forwarding is a probabilistic event
[5,6,12]. In general, each node v may have a distinct for-
warding probability x(v). We focus on the simple case
where all nodes have the same forwarding probability.
Only the source node u transmits the message always with
probability 1. I.e., x(v) = x"v 2 Vnu. The case x = 1 is
Please cite this article in press as: S. Crisóstomo et al., Probabilistic floo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
equivalent to pure flooding. Algorithm 1 describes the
flooding process.

Algorithm 1: Probabilistic flooding APF(G,u,x)

Let G = (V,E) be a graph, u 2 V be a source node with a
source message mu to be disseminated, and
x 2 [0,1] be a forwarding probability common to all
nodes v 2 Vn{u}.

1. A source node u broadcasts its source message mu.
2. Each node v that receives mu for the first time re-

broadcasts it with probability x.

We assume an error-free broadcast medium, i.e., a
transmission from a node will be successfully received by
all its neighbors. In this case, for an appropriate choice of
x leading to global information outreach, the expected
number of transmissions is reduced from n to (n � 1)x + 1.

2.4. Problem statement

Let G = (V,E) represent a network. A source node u 2 V
intends to deliver a message mu to all other nodes v 2 V.
The message mu is disseminated through G using the flood-
ing algorithm APF(G,u,x).

We are interested in the forwarding probability x
needed such that all nodes receive mu with a given proba-
bility a. In a more formal way, let V0 # V denote the set of
nodes that have received the message mu after the comple-
tion of APF(G,u,x). Our goal is to determine min{x :
P(V0 = V) P a}. The term P(V = V0) is the probability that
all nodes of the network obtain the message. In the follow-
ing, it is called global outreach probability W , P(V0 = V).

3. Graph sampling approach

We present a generic approach to calculate the global
outreach probability. First, using probabilistic flooding,
we can construct a communication subgraph G0 = (V0,E0)
of the network graph G in the following way: We start with
a node set V0 = {u} containing only the source node and an
empty edge set E0 = {}. For each node v that forwards the
message, we add all receiving nodes to V0. Additionally,
we add edges {v,w} between the forwarding node and
the receiving nodes w 2 Ng(v) to E0.

Second, we construct an induced subgraph of G, called
G⁄ = (V⁄,E⁄), using graph sampling (GS) explained in Algo-
rithm 2. G⁄ helps us to analyze the probability of global
outreach for given x. We show how properties of a random
graph G⁄ are related to those of a random graph G0. We
study two properties:

� the event that G⁄ is connected, denoted as C(G⁄);
� the event that the nodes V⁄ are a dominating set of G,

denoted as D(V⁄,G).

The event C(G⁄) \ D(V⁄,G) means that V⁄ is a connected
dominating set of G.
ding in stochastic networks: Analysis of global information out-
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Algorithm 2: Graph sampling AGS(G,u,x)

Let G = (V,E) be a graph that represents the network
and u 2 V a source node.

1. The node set V⁄ is obtained by uniformly sampling
the node set Vn{u} with probability x and adding u.

2. The edge set E⁄ contains all edges of G that connect
nodes within V⁄, i.e. E⁄ = {{u,v} 2 E : u,v 2 V⁄}.
Fig. 1. Global outreach probability W for PF in ERGs. Parameters: n = 1000
nodes, edge probability p = 0.15 and message forwarding probability x.
Comparison of simulated PF and GS algorithms with analytical expression
for W. Simulation results are obtained from 1000 experiments. Each
experiment is run over a new ERG. Each data point (with its 95%
Theorem 1 (Global outreach). The probability of global
outreach using probabilistic flooding APF(G,u,x) on a network
G = (V,E) is equal to the probability that the node set V⁄ # V
resulting from graph sampling AGS (G,u,x) is a connected
dominating set of G:

WðG;xÞ ¼ P CðG�Þ \ DðV�;GÞð Þ: ð1Þ
340
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confidence interval limits) represents the relative frequency of the events
‘‘achieving global outreach (PF)’’ or ‘‘achieving a connected dominating
set (GS)’’.
Proof. A node can decide beforehand whether or not it

will participate in the forwarding process if it receives a
message. This is equivalent to the sampling process of
algorithm AGS. Hence, the set V⁄ can be associated with
the set of nodes forwarding a message according to algo-
rithm APF if and only if G⁄ is connected. If the set V⁄ is also
a dominating set of G, all nodes in VnV⁄ are neighbors of at
least one node in V⁄ and thus receive a message. h
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4. Probabilistic flooding in Erd}os Rényi graphs

This section analyzes the probability of global outreach
on an ERG G with n nodes and edge probability p. We de-
rive the expression for the probability of global outreach
and present (n,p,x)-triples leading to a global outreach
probability of 0.50, 0.80 and 0.95, respectively.

4.1. Derivation of the outreach probability

If G belongs to the class of ERGs, the probability of glo-
bal outreach is given by the following theorem.

Theorem 2 (Global outreach in ERGs). The probability of
global outreach using probabilistic flooding APF with forward-
ing probability x in an ERG with n nodes and edge probability
p is

Wðn;p;xÞ ¼
Xn

k¼1

PCðk; pÞ � 1� ð1� pÞk
� �n�k

�
n� 1
k� 1

� �
xk�1ð1�xÞn�k with; ð2Þ

PCðm; pÞ ¼ 1�
Xm�1

j¼1

m� 1
j� 1

� �
PCðj;pÞð1� pÞjðm�jÞ ð3Þ

for m P 1 with starting value PC(1,p) = 1.
Fig. 1 plots W over x along with results from simula-

tions of PF and GS. There is a critical interval of x-values
where W increases from nearly zero to nearly one.
Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
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Proof. To prove Theorem 2, we show that connectivity of
G⁄ and domination of G by V⁄ are mutually independent.
Then, we characterize the connectivity and order of G⁄, and
the probability of domination of G by V⁄. Based on this, we
derive the global outreach probability.

Connectivity and domination are independent. The prob-
ability that V⁄ of G⁄ is a connected dominating set of G is

P CðG�Þ \ DðV�;GÞð Þ ¼ P CðG�Þð Þ � P DðV�;GÞð Þ: ð4Þ

The event C(G⁄) is equivalent to the existence of a path con-
necting any pair of nodes of G⁄. Since a path in G⁄ is a se-
quence of consecutive edges of G⁄, the sample space of
C(G⁄) is the set of edges {{u,v} : u,v 2 V⁄,u – v}. The event
D(V⁄,G) denotes the existence of edges connecting any
node in VnV⁄ to the node set V⁄. Thus, its sample space is
the edge set {{u,v} : u 2 V⁄,v 2 VnV⁄}. In conclusion, since
the existence of an edge in an ERG is independent of the
existence of any other edge and since the sample spaces
of C(G⁄) and D(V⁄,G) are disjoint edge sets, the events
C(G⁄) and D(V⁄,G) are independent.

Connectivity of G⁄. Gilbert [28] derived the recurrence
relation (3) for the probability that an ERG G(V,p) with
m = jVj nodes and edge probability p is connected. There-
fore, the probability of G⁄ being connected is

PðCðG�ÞjN�Þ ¼ PCðN�;pÞ: ð5Þ

Order of G⁄. Since V⁄n{u} is a uniformly sampled subset of
Vn{u}, the number of nodes N⁄ is a random variable.
N⁄ � 1 is binomially distributed according to Bin(n � 1,x).
The ‘‘�1’’ stems from the source node sending with proba-
bility 1. Thus, the probability mass function of N⁄ is

PðN� ¼ kÞ ¼
0 if k ¼ 0;

n� 1
k� 1

� �
xk�1ð1�xÞn�k otherwise:

8<
: ð6Þ

Domination of G. The probability that V⁄ is a dominating set
of G is
oding in stochastic networks: Analysis of global information out-
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Fig. 2. Probabilistic flooding in Erd}os Rényi graphs. Plots show (p,x)-
pairs for global outreach probability W = 0.50, 0.80, 0.95.

Fig. 3. Probabilistic flooding in Erd}os Rényi graphs. Plots show (p,n)-pairs
for global outreach probability W = 0.50, 0.80, 0.95.
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PðDðV�;GÞjN�Þ ¼ 1� ð1� pÞN
�� �n�N�

: ð7Þ

For a given node u 2 VnV⁄ the probability of having no edge
to any of the nodes in V⁄ is ð1� pÞN

�
. Hence, the probability

of an edge to at least one of them is 1� ð1� pÞN
�
. Since this

probability is independent for each node u 2 VnV⁄, (7) gives
the result.

Proof of Theorem 2. Summing the conditional probabil-
ities for connectivity and domination over all possible k of
N⁄, each of them multiplied with the probability P(N⁄ = k),
gives

W ¼
Xn

k¼1

PðCðG�ÞjN�Þ � PðDðV�;GÞjN�Þ � PðN� ¼ kÞ: ð8Þ

Substituting (5)–(7) into (8) yields (2). h
416
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419

420

421
4.2. Parameters for global outreach

Let us illustrate how these results can be used for net-
work design. The goal is to meet a target value for W by
creating or deploying networks and simultaneously tuning
x of the flooding algorithm. In practical applications, one is
Please cite this article in press as: S. Crisóstomo et al., Probabilistic floo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
interested in high outreach probabilities — here we give
design options for W = 0.50, 0.80 and 0.95.

If n is given, the parameters p and x can be chosen.
Fig. 2 plots the (p,x)-pairs required for achieving a high
outreach probability W with n = 100 and 1000, respec-
tively. The curves show a trade-off in the choice of the
(p,x)-pairs. A sparse ERG (low p) requires higher x-values.
For well-connected ERGs (high p), small values of x are
sufficient to guarantee the desired W. The plots also stress
the non-linear dependence between these parameters.

If the x is given, the parameters p and n can be deter-
mined. For x = 0.08 and 0.5, Fig. 3 shows (p,n)-pairs ensur-
ing W = 0.50, 0.80 and 0.95. The dependency between n
and p for the same W is non-linear, as expected from The-
orem 2. For increasing p, with p close to 0, the required
number of nodes experiences an expressive reduction. This
trend is then smoothed, and this reduction becomes almost
negligible as p approaches 1.

5. Probabilistic flooding in random geometric graphs
without border effects

Let us now study the outreach probability in RGGs. We
derive an asymptotic expression and complement it with
simulations showing that this expression is a good
ding in stochastic networks: Analysis of global information out-
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approximation for finite node densities. Finally, we give
system parameters leading to high outreach probability.

5.1. Derivation of the outreach probability

Theorem 1 gave us an expression for W using APF in a
general graph G. If G belongs to the class of RGGs, the out-
reach probability is given by the following theorem.

Theorem 3 (Global outreach probability in RGGs). Let
k� , kxþ 1

A ; a , k�pr2 � lnðAkþ 1Þ; c , 1� e�k�pr2
. The

probability of global outreach of algorithm APF with forward-
ing probability x in an RGG G(A,k, r) is

WðA; k; r;xÞ ¼ ce�e�a þ ew; ð9Þ

where limk?1ew = 0.
If k ?1, a may be kept constant by setting r to be a

function of k, under the conditions of Theorem 3.
To prove this theorem we (1) specialize the GS approach

to the specifics of the underlying spatial Poisson point pro-
cess of the definition of RGGs; (2) derive an asymptotic
expression for the probability of absence of isolated nodes
in G⁄ that is also a lower bound; (3) derive an asymptotic
expression for the probability of connectivity of the sub-
graph G⁄; (4) derive an asymptotic expression for the prob-
ability of V⁄ being a dominating set of G that is also a lower
bound; (5) analyze the dependence between node isolation
in G⁄ and domination of G by V⁄, and derive an asymptotic
expression for the probability of occurrence of both events
that is also a lower bound; (6) analyze the dependence be-
tween the connectivity of G⁄ and the domination of G by V⁄,
and derive an asymptotic expression for the probability of
occurrence of both events.

5.1.1. Graph sampling and Poisson processes
Graph sampling can be applied to RGGs by performing

the node sampling directly on the Poisson point process
P that generates G. Given the properties of Poisson pro-
cesses, P can be decomposed into two independent
thinned Poisson point processes P⁄ and P}. The process
P⁄ with intensity kx is the set of all forwarding nodes,
and the process P} with intensity k(1 �x) is the set of
non-forwarding nodes.

Let P�s denote a process P⁄ on a box BA of area A plus the
addition of a source node placed uniformly at random in
BA. This leads to a subgraph of forwarding nodes G⁄(V⁄,E⁄)
with node density k� ¼ kxþ 1

A. The process P} on BA leads
to a subgraph of non-forwarding nodes G}ðV}; E}Þ with
node density k} ¼ kð1�xÞ.

The subgraph G⁄ has N⁄ + 1 nodes, where N⁄ is a Poisson
random variable distributed according to Po(Ak⁄). G} has
N} nodes, where N} follows PoðAk}Þ.

5.1.2. Node isolation in G⁄

To achieve global outreach, the graph of forwarding
nodes G⁄ needs to be connected (Theorem 1). A necessary
but not sufficient condition for connectivity is the absence
of isolated nodes in G⁄. We state the asymptotic expression
for the probability of G⁄ having no isolated nodes and we
show how this probability relates to the probability of G⁄
Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
being connected. To do so, we use the total variation
distance between the distributions of two integer-valued
random variables X, Y, defined as ([19], see Appendix B):

dTVðX;YÞ , sup
A # Z

PðX 2 AÞ � PðY 2 AÞj j: ð10Þ
Lemma 1. Let a⁄ , k⁄pr2 � ln (Ak⁄). The total variation
distance between the distribution of the number W⁄ of
isolated nodes in G⁄ and the Poisson distribution with
parameter e�a� converges to 0 when k ?1. That is

lim
k!1

dTV W�;Po e�a�� 	� 	
¼ 0: ð11Þ

A proof can be found in Appendix C.
Proposition 1 (Isolated nodes in G⁄). Let I(G⁄) denote the
event that G⁄ has isolated nodes, and furthermore, let
a⁄ , k⁄pr2 � ln (Ak⁄) and c , 1� e�k�pr2

. The probability of
G⁄ having no isolated nodes is

P :IðG�Þð Þ ¼ ce�e�a� þ eI; ð12Þ

where eI P 0 and limk?1eI = 0.
Proof. The nodes of G⁄ are distributed in BA according to
P�s . The node density of G⁄ is therefore k� ¼ kxþ 1

A, and
the probability that a node v⁄ 2 V⁄ is isolated is

P isoðv�Þð Þ ¼ e�k�pr2
: ð13Þ

The probability that there is no isolated node in G⁄ is

P :IðG�ÞjN�ð Þ ¼ P
\N�þ1

i¼1

: isoðv�i Þ
 !

: ð14Þ

The isolation events are not independent from node to
node if the corresponding nodes are close enough to each
other. Further, the events : iso ðv�i Þ are increasing events
with respect to x and k. Application of the FKG inequality
([21], see Appendix A) to (14) leads to

P :IðG�ÞjN�ð ÞP
YN�þ1

i¼1

P : iso ðv iÞð Þ ¼ 1� e�k�pr2
h iN�þ1

; ð15Þ

which can be re-written as

P :IðG�ÞjN�ð Þ ¼ 1� e�k�pr2
� �N�þ1

þ nI ð16Þ

with nI P 0. Applying the law of total probability yields

P :IðG�Þð Þ ¼ E P :IðG�ÞjN�ð Þð Þ

¼ E 1� e�k�pr2
� �N�þ1
� �

þ EðnIÞ

¼ ð1� e�k�pr2 Þ �
X1
k¼0

1� e�k�pr2
� �k ðAk�Þke�Ak�

k!
þ eI

¼ ð1� e�k�pr2 Þe�e
� k�pr2�lnðAk�Þð Þ

þ eI

¼ ce�e�a� þ eI ð17Þ

with eI = E(nI) P 0 and c ¼ 1� e�k�pr2 , proving (12).
From Lemma 1, the probability of having no isolated

nodes in G⁄ is upper bounded in the following way:
oding in stochastic networks: Analysis of global information out-
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P :IðG�Þð Þ ¼ PðW� ¼ 0Þ 6 e�e�a� þ dTV W�;Po e�a�� 	� 	
: ð18Þ

Combining (17) with (18), yields

ce�e�a� þ eI 6 e�e�a� þ dTV W�;Po e�a�� 	� 	
: ð19Þ

Moreover, by combining the last equation with (11) of
Lemma 1, and since limk?1c = 1, we get limk?1eI = 0. h

The probability P(:I(G⁄)) converges to ce�e�a� . This
expression is a lower bound for the same probability.

5.1.3. Connectivity of G⁄

We now determine an asymptotic expression for the
probability that G⁄ is connected.

Proposition 2 (Connectivity of G⁄). With a⁄ , k⁄ pr2 �
ln(Ak⁄) and c , 1� e�k�pr2

, the probability that G⁄ is
connected is

P CðG�Þð Þ ¼ ce�e�a� þ eI � eC ; ð20Þ

where eI P 0, eC P 0, limk?1eI = 0 and limk?1eC = 0.
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Proof. The absence of isolated nodes in G⁄ is a necessary
condition for its connectivity. Therefore, P(C(G⁄)) 6
P(:I(G⁄)), which can be rewritten as

P CðG�Þð Þ ¼ P :IðG�Þð Þ � eC ; ð21Þ

where eC P 0. Applying (12) in (21) yields

P CðG�Þð Þ ¼ ce�e�a� þ eI � eC ; ð22Þ

where limk?1eI = 0, thus proving (20).
Penrose [29] bridges the problem of the absence of

isolated nodes in an RGG G, to the problems of (a) the
longest of the nearest neighbor distances between the
nodes of G and (b) the longest edge of the minimum
spanning tree connecting the nodes of G. The probability of
having no isolated node in an RGG G is asymptotically the
same as the probability of G being connected. Hence,

lim
k!1

P CðG�Þð Þ ¼ lim
k!1

P :IðG�Þð Þ: ð23Þ

By combining (23) with (21) we get limk?1eC = 0. h

Fig. 4 compares the asymptotic expression of P(C(G⁄))
with the relative frequencies of simulated graphs for which
G⁄ has no isolated node or is connected, respectively. Algo-
rithm AGS is used for simulations.

5.1.4. Domination of G
We now determine the asymptotic expression for the

probability that V⁄ is a dominating set of G, which is also
a lower bound for the same probability.

Lemma 2. Let a} , k�pr2 � lnðAk}Þ. The total variation
distance between the distribution of the number W} of non-
dominated nodes of G and the Poisson distribution with
parameter e�a} converges to 0 when k ?1. That is

lim
k!1

dTV W}; Po e�a}
� �� �

¼ 0: ð24Þ

A proof can be found in Appendix D.
Please cite this article in press as: S. Crisóstomo et al., Probabilistic floo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
Proposition 3 (Domination of G). Let a} , k�pr2 � ln Ak}.
The probability that V⁄ is a dominating set of G is

PðDðV�;GÞÞ ¼ e�e�a} þ eD; ð25Þ

where eD P 0 and limk?1eD = 0.
Proof. The nodes of G⁄ are distributed in BA according to
P�s with density k� ¼ kxþ 1

A. The set V⁄ dominates G if for
every node v} 2 V} there is at least one edge fv};w�g such
that w⁄ 2 V⁄. In this case, we say that v} is dominated by
V⁄. Hence, the probability that a node v} 2 V} is dominated
by V⁄ is equal to the probability that there is at least one
node from P�s within the circle of radius r centered at the
position of node v}. That is

P domðv}Þ
� 	

¼ 1� e�k�pr2
: ð26Þ

Let the random variable N} be the number of nodes of V}.
Then, the probability that G is dominated by V⁄ is

P DðV�;GÞjN}
� �

¼ P
\N}
i¼1

domðv}i Þ
 !

: ð27Þ

The domination events for nodes of V} close to each other,
i.e. within distance dðv}i ;v

}
j Þ 6 2r from each other, are

dependent. They are increasing events with respect to x
and k. Application of the FKG inequality to (27) leads to

P DðV�;GÞjN}
� �

P
YN}
i¼1

P domðv}i Þ
� 	

¼ 1� e�k�pr2
h iN}

;

P DðV�;GÞjN}
� �

¼ 1� e�k�pr2
� �N}

þ nD ð28Þ

with nD P 0. Applying the law of total probability yields

P DðV�;GÞð Þ ¼ E P DðV�;GÞjN}
� �� �

¼ E 1� e�k�pr2
� �N}
� �

þ EðnDÞ

¼ e�e
� k�pr2�lnðAk}Þð Þ

þ eD ¼ e�e�a} þ eD; ð29Þ
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with eD = E(nD) P 0, proving (25).
From Lemma 2, the probability that there is no non-

dominated node in G is upper bounded as follows:

P DðV�;GÞð Þ ¼ PðW} ¼ 0Þ

6 e�e�a} þ dTV W}; Po e�a}
� �� �

: ð30Þ

Combining (29) with (30) yields

eD 6 dTV W};Po e�a}
� �� �

: ð31Þ

Finally, combining (31) with (24), we get limk?1eD = 0. h

This shows that the domination probability converges
asymptotically to e�e�a} , which is also a lower bound.
Fig. 5 compares the analytical expression/lower bound
with simulation results. As x increases, the relative fre-
quency of graphs where V⁄ is a dominating set approaches
1, and the difference between the analytical expression
and simulation results becomes negligible.

5.1.5. Dependence between node isolation & domination
The events :I(G⁄) and D(V⁄,G) depend on each other. Let

us analyze this dependency and derive an asymptotic
expression for P(:I(G⁄) \ D(V⁄,G)) which is also a lower
bound for this probability. The event :I(G⁄) \ D(V⁄,G) is
equivalent to the event that the sum of all non-dominated
nodes and isolated forwarding nodes in G is 0. The follow-
ing lemma helps us to derive the joint probability. A proof
can be found in Appendix E.

Lemma 3. Let a , k⁄pr2 � ln (Ak + 1) and W}� be the sum of
all non-dominated nodes and isolated forwarding nodes in G.
The total variation distance between the distribution of W}�

and a Poisson distribution Po (e�a) converges to 0 when
k ?1, i.e.

lim
k!1

dTV W}�;Poðe�aÞ
� �

¼ 0: ð32Þ
692

693
694
Proposition 4. The probability that G⁄ has no isolated node
and its nodes V⁄ dominate G is
Fig. 5. Probability of domination (assuming eD = 0) in comparison to the
relative frequency of the experiments of the algorithm AGS yielding graphs
with no non-dominated nodes.

Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
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P :IðG�Þ \ DðV�;GÞð Þ ¼ P :IðG�Þð Þ � P DðV�;GÞð Þ þ eID; ð33Þ

where eID P 0, and

lim
k!1

eID ¼ 0: ð34Þ
Proof. The events :I(G⁄) and D(V⁄,G) are increasing events
with respect to x and k. The FKG inequality yields

Pð:IðG�Þ \ DðV�;GÞÞ ¼ Pð:IðG�ÞÞ � PðDðV�;GÞÞ þ eID;

where eID P 0, thus proving (33). Propositions 1 and 3 yield

Pð:IðG�Þ \ DðV�;GÞÞ ¼ ce�e�a� þ eI

� �
e�e�a} þ eD

� �
þ eID

¼ ce�e�a þ eDce�e�a�

þ eI e�e�a} þ eD

� �
þ eID ð35Þ

with a , k⁄pr2 � ln(Ak + 1). From Lemma 3, we have

Pð:IðG�Þ \ DðV�;GÞÞ ¼ PðW}� ¼ 0Þ

6 e�e�a þ dTV W}�;Poðe�aÞ
� �

: ð36Þ

Combining this expression with (35) yields

ce�e�a þ eDce�e�a� þ eI e�e�a} þ eD

� �
þ eID

6 e�e�a þ dTV W}�; Po e�a}�
� �� �

: ð37Þ

Since limk?1eI = limk?1eD = limk?1eID = 0, and limk?1c =
1, (32) with (37) yields limk?1eID = 0. h
696696

697
5.1.6. Dependence between connectivity and domination
Let us study the event C(G⁄) \ D(V⁄,G), inferring the

asymptotic behavior of dependence between connectivity
of G⁄ and domination of G by V⁄.

Proposition 5. The probability of G⁄ being connected and V⁄

dominating G is

PðCðG�Þ \ DðV�;GÞÞ ¼ PðCðG�ÞÞPðDðV�;GÞÞ þ eCD; ð38Þ

where eCD P 0 and limk?1eCD = 0.
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Proof. The events C(G⁄) and D(V⁄,G) are increasing events
with respect to x and k. The FKG inequality yields

PðCðG�Þ \ DðV�;GÞÞ ¼ PðCðG�ÞÞPðDðV�;GÞÞ þ eCD; ð39Þ

where eCD P 0, thus proving (38). From (23), the probabil-
ity of no isolated node in an RGG G is asymptotically the
same as the probability of G being connected. Thus,

lim
k!1

PðCðG�Þ \ DðV�;GÞÞ ¼ lim
k!1

Pð:IðG�Þ \ DðV�;GÞÞ: ð40Þ

Conjugating (39) and (33) with (40), we get

lim
k!1

PðCðG�ÞÞ � PðDðV�;GÞÞ þ lim
k!1

eCD

¼ lim
k!1

P :IðG�Þð Þ � PðDðV�;GÞÞ þ lim
k!1

eID: ð41Þ

Combining this equation with (40), we get
oding in stochastic networks: Analysis of global information out-
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lim
k!1

Pð:IðG�ÞÞ � PðDðV�;GÞÞ þ lim
k!1

eCD

¼ lim
k!1

P :IðG�Þð Þ � PðDðV�;GÞÞ þ lim
k!1

eID: ð42Þ

Combining (34) with (42), we get limk?1eCD = 0, thus prov-
ing the proposition. h

In summary, the dependency between connectivity and
domination becomes negligible as the node density in-
creases. The term ce�e�a is the asymptotic expression and
lower bound for the joint probability of both events. This
joint probability converges from above to the product of
the individual probabilities. Fig. 6 shows analytical and
simulation results that evidence these facts.

5.1.7. Proof of Theorem 3 (Global outreach in RGGs)
Combining Propositions 2, 3 and 5, we get
743

744

745

Fig. 6. Dependence between graph domination and connectivity/node
isolation (algorithm AGS) in comparison to the analytical results (assum-
ing eI = 0, eD = 0, and eID = 0). The relative frequency F:iso\dom of simulated
graphs with no isolated nodes in G⁄ and simultaneously having V⁄

dominating G is higher than the corresponding analytical expression, and
is also slightly higher than F:isoFdom . Moreover, the relative frequency
Fconn\dom of graphs where G⁄ is connected and simultaneously G is
dominated by V⁄ is slightly higher than FconnFdom.

Fig. 7. Probability of global outreach (assuming eW = 0) in comparison to
the relative frequency of the experiments of the algorithm AGS yielding
connected dominating sets.
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WðA; k; r;xÞ ¼ ce�e�a� þ eI � eC

h i
e�e�a} þ eD

h i
þ eCD

¼ ce�e�a þ ew; ð43Þ

where

ew , eDce�e�a� þ ðeI � eCÞ e�e�a} þ eD

� �
þ eCD: ð44Þ

As limk?1 eI = limk?1 eC = limk?1 eD = limk?1eCD = 0, we
get limk?1ew = 0, thus proving the theorem.

In summary, ce�e�a is the asymptotic expression of the
global outreach probability W(A,k,r,x) for PF with for-
warding probability x on an RGG G(A,k,r). Fig. 7 compares
analytical and simulation results. As x increases, WGS con-
verges to the analytical expression of W. The difference be-
comes negligible for high values of W.

5.2. Simulation of outreach probability in RGGs

Fig. 8(a) and (b) show the probability/relative frequency
of floodings yielding global outreach in RGGs on G(1,k,r)
Fig. 8. Global outreach probability (eW = 0) and relative frequency of
experiments yielding connected dominating sets when applying AGS to
RGGs on a torus. Each simulated data point (with its respective 95%
confidence interval limits) is obtained from 10,000 experiments. Each
experiment is run over a new RGG.
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over x. The analytical curve W represents the asymptotic
expression (ew = 0) of W(A,k,r,x) derived in Theorem 3.
The curve WGS is obtained from the application of the algo-
rithm AGS to RGGs on a torus. Comparing results for differ-
ent x-values, there is a critical interval where W changes
from zero to one. The simulated value WGS may lie below
or above the asymptotic curve of W, depending on the
graph parameters. Moreover, the difference between simu-
lated and asymptotic values is relatively small and be-
comes negligible as x increases. This behavior is due to
the interplay of the components from which our expres-
sion for W was derived.
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5.3. Parameters for global outreach

The goal is to meet a target value W by tuning x. If A
and k are given, the parameters x and r can be chosen.
Fig. 9(a) plots the (x,r)-pairs that approximately achieve
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Fig. 9. Probabilistic flooding in Random geometric graphs on a torus. PF
and RGG parameter tuples for a global outreach probability
W = {0.50,0.80,0.95,0.99}. Plots (a) shows (x,r)-tuples and plots (b)
shows (x,k)-tuples that approximately achieve the aforementioned
global outreach probability.
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a required W for RGGs with A = 1 and k = 1000. The curves
show a clear trade-off in the choice of the (x,r)-pairs.
Sparse RGGs (low values of r) require higher values of x.
For well-connected RGGs (high values of r), small values
of x are sufficient to approximately achieve the desired
W. Again, the plots stress the non-linear dependence be-
tween these two parameters.

If A and r are given, the parameters x and k may be cho-
sen. Fig. 9(b) plots the (x,k)-pairs that approximately
achieve a required outreach probability W for RGGs with
A = 1 and r = 0.1. The curves show the existence of a clear
trade-off in the choice of the (x,k)-pairs. Sparse RGGs
(low values of k) require higher values of x. For well-con-
nected RGGs (high values of k), small values of x are suffi-
cient to approximately achieve the desired W.

6. Probabilistic flooding in random geometric graphs
with border effects

The global outreach probability of PF with a network-
wide forwarding probability degrades if we drop the
assumption of a torus distance metric. This degradation
in RGGs with Euclidean distance metric is due to border
effects.

The probability of a node receiving a message is directly
affected by the following parameters: the forwarding prob-
ability x, the number of its neighbors, and by the probabil-
ity of its neighbors having the message. The border nodes
— located at distance smaller than the transmission radius
from the border of the square — are expected to have a
smaller number of neighbors when compared to central
nodes. Therefore, the smaller neighborhood of the border
nodes implies that these nodes are less likely to receive a
source message when using a PF algorithm with constant
x. This fact has a significant impact in W, since it is the
product of the probabilities of each node receiving a
message.

We now show how a modification to the PF algorithm,
that we denote as Border-Aware Probabilistic flooding
(BAPF), minimizes the penalization incurred in W due to
these border effects. The main idea is that border nodes
should receive a message with the same probability as
non-border nodes receive it. To do so, border nodes use
an increased forwarding probability x0 depending on their
location:

x0ðuÞ , 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�xÞpr2/ðuÞ

q
if u is a border node;

x otherwise;

(

where /ðuÞ ,minv2Ng ðuÞaðvÞ and a(v) is the coverage area
of the node v lying within the square of area A.

Fig. 10(a) and (b) show the probability/relative fre-
quency of floodings yielding global outreach in RGGs on
G(1,k,r) over x. We can observe that the frequencies of
global outreach of the BAPF algorithm over RGGs with
Euclidean distance closely match the ones of the PF algo-
rithm with constant forwarding probability over RGGs
with toroidal distance.

In conclusion, the impact of border effects on global
outreach can be minimized by using PF with increased for-
warding probability for border nodes.
oding in stochastic networks: Analysis of global information out-
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Fig. 11. Global outreach probability (eW = 0) and relative frequency of
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unreliable transmission medium. Each simulated data point (with its
respective 95% confidence interval limits) is obtained from 5000
experiments. Each experiment is run over a new network.
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7. Probabilistic flooding with unreliable links

In this section we drop the assumption of an error-free
broadcast medium, but consider networks with erasure
channels [30, Chapter 7]. A message may fail to be received
by each neighbor of the transmitting node independently
with probability f. To model this unreliable transmission
medium, it suffices to sample uniformly at random the
edge set Eof the graph model G(V,E) of the network with
probability (1 � f). This yields a new graph Gf(V,Ef).

The PF algorithm is now analysed over this graph to
take into account the effects of unreliable transmissions.
Theorem 1 still holds for PF over networks with erasure
channels after replacing G by Gf. Therefore, (1) becomes:

WðG; f;xÞ ¼ P CðG�fÞ \ DðV�;GfÞ
� 	

: ð45Þ

We now specialize this expression for ERGs and RGGs.
Please cite this article in press as: S. Crisóstomo et al., Probabilistic floo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
Erd}os Rényi graphs with unreliable links. The outreach
probability in ERGs with erasure channels is given by The-
orem 2 if we replace p by p(1 � f) in all expressions.

Proof. The proof is similar to the one of Theorem 2 after
replacing G by Gf.

The graph Gf is also an ERG G(n,p(1 � f)). Hence, since
Gf has an edge probability p(1 � f), it is sufficient to replace
p by p(1 � f) in each expression within the proof of
Theorem 2. h

Fig. 11(a) plots W over x for distinct values of f, along
with results from simulations of PF. The simulation results
match perfectly the analytical expression of W.

Random geometric graphs with unreliable links. The out-
reach probability in RGGs with erasure channels is given
by Theorem 3 if we redefine k⁄ as kxþ 1

A

� 	
ð1� fÞ.
ding in stochastic networks: Analysis of global information out-
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Proof. The proof is similar to the one of Theorem 3 after
replacing G by Gf. Therefore, we give a brief sketch of the
proof, highlighting the main differences.

The edge set Ef of the RGG Gf is built by sampling Ewith
probability (1 � f). Hence, the probability that a node
v⁄ 2 V⁄ is isolated (Eq. (13)) changes to:

P isoðv�Þð Þ ¼ e�k�ð1�fÞpr2 ð46Þ

and the probability that a node v} 2 V} is dominated by V⁄

(Eq. (26)) becomes:

P domðv}Þ
� 	

¼ 1� e�k�ð1�fÞpr2
: ð47Þ

With these new node isolation and node domination
probabilities we get the probabilities for the connectivity
and domination events. Moreover, since Gf is an RGG, the
dependency between these events is asymptotically negli-
gible (Propositions 4 and 5). Therefore, it suffices to follow
the steps of the proof of Theorem 3 to prove the above
result. h

Fig. 11(b) plots W over x for distinct values of f, along
with results from simulations of PF. The difference be-
tween simulated and asymptotic values is relatively small
and becomes negligible as x increases.

8. Related work

The problem of PF outreach has mainly been addressed
by simulations [5,6,12–14]. Some of these papers suggest a
connection between PF and percolation theory, which is,
however, not deeply explored, as most conclusions do
not generalize beyond the particular setup [5,6,12].

This paper addresses the following sub-problems: (a)
characterization of the sets of forwarding and non-for-
warding nodes; (b) connectivity of forwarding nodes; (c)
domination of non-forwarding nodes by forwarding nodes;
and (d) independence between connectivity and domina-
tion. We apply this approach to two random graph models.

For ERGs, we derive an exact expression for the global
outreach probability. The analysis of RGGs brings chal-
lenges due to the local correlation among edges. Our ap-
proach to the connectivity sub-problem of the set of
forwarding nodes is inspired by Penrose [29], Franceschetti
and Meester [31] and Bettstetter [32]. To cope with the
dependencies among (a) node isolation/connectivity
events, (b) node domination events, and (c) the dependency
between isolation/connectivity and domination events, we
derive inequalities involving the probabilities of the men-
tioned events by resorting to the FKG inequality [21]. In
the asymptotic case, these inequalities become equalities.

Hence, we derive three lemmas regarding the asymp-
totic distribution of the total number of isolated nodes,
non-dominated nodes, and isolated plus non-dominated
nodes. In the proof of these lemmas, we follow a strategy
based on the application of the Poisson approximation by
the Chen–Stein method [22–24]. Ref. [33] addresses the
problem of the number of isolated nodes in wireless ad
hoc networks with Bernoulli nodes. Its method represents
an alternative approach to derive a proof of the lemma
concerning the asymptotic distribution of the total number
Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
reach, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.08.014
of isolated plus non-dominated nodes (Lemma 3).
Although that paper considers boundary effects, the de-
rived distribution is still the same asymptotically as the
one for the toroidal model. Nevertheless, for the proof of
this lemma we opted to use the same approach as for Lem-
mas 1 and 2. Contrary to ERGs, where the global outreach
probability is known exactly, in RGGs we only derive an
approximate expression whose error becomes negligible
asymptotically.
9. Conclusions

We analyzed how to set a system-wide forwarding
probability x of probabilistic flooding, such that all net-
work nodes ultimately receive a message with high prob-
ability. For this purpose, we proposed a graph sampling
method, which can be applied in arbitrary networks. This
method yields an induced subgraph, whose node set is
obtained by sampling the total node set uniformly at ran-
dom with probability x. We proved that the events ‘‘all
nodes receive a flooded message’’ and ‘‘the induced sub-
graph is connected and its nodes dominate the network
graph’’ have the same probability, and thus, the analysis
of global outreach in probabilistic flooding can be per-
formed by analyzing the properties of the induced
subgraph.

In networks modeled as Erd}os Rényi graphs, we derived
the exact expression for the probability of global outreach.
In random geometric graphs — as often used in modeling
wireless ad hoc networks — the local correlation among
edges results in stochastic dependencies, but, in our model,
these dependencies become asymptotically negligible with
increasing node density. We derived an asymptotic expres-
sion for the global outreach probability, which is also a
good approximation for high node density.

Moreover, we analyzed the impact of border effects in
random geometric graphs and proposed a heuristic to
overcome these effects. Finally, we studied probabilistic
flooding in unreliable networks; erroneous links can sim-
ply be incorporated into both graph models, while the ba-
sic analysis and proofs remained in principle unchanged.
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Appendix A. FKG inequality

The FKG inequality [21] expresses positive correlations
between increasing events (see [34, Chapter 2.2]). Consider
two realizations P1 and P2 of a Poisson point process. We
define a partial ordering P1 � P2 if and only if every point
of P1 is also present in P2. An event A is an increasing event
if for every P1 � P2, the indicator function IA of the event A
respects the relation IAðP1Þ 6 IAðP2Þ. If A and B are increas-
ing events in a Poisson point process, then P(A \ B) P
P(A)P(B).
oding in stochastic networks: Analysis of global information out-
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Appendix B. Poisson approximation by the Chen–Stein
method

The Poisson distribution arises as the limiting distribu-
tion of the sum of n low probability independent Bernoulli
random variables. The Chen–Stein method generalizes this
result to dependent random variables, as long as these
dependencies become negligible as n converges to infinity.
Refs. [22–24] present this method, showing how to calcu-
late a bound for the error of this approximation.

The total variation distance between distributions of two
integer-valued random variables X, Y is [19, Chapter 1.6]

dTVðX;YÞ , sup
A # Z

PðX 2 AÞ � PðY 2 AÞj j: ðB:1Þ

A sequence Xn of integer-valued random variables con-
verges in distribution to X if limn?1 dTV(Xn,X) = 0.

Suppose Xi with i 2 I are Bernoulli random variables
with E(Xi) = pi, where I is an arbitrary index set. Assume
W ,

P
i2IXi and EðWÞ ¼

P
i2Ipi is finite. A subset N i � I

is a neighborhood of dependence of i 2 I if for each Xj depen-
dent of Xi, it follows that j 2 N i. Let

b1 ,
X
i2I

X
j2N i

EðXiÞEðXjÞ; ðB:2Þ

b2 ,
X
i2I

X
j2N i ;j–i

EðXiXjÞ: ðB:3Þ

Then we have dTV (W,Po(E(W))) 6 2(b1 + b2).

Appendix C. Proof of Lemma 1

This proof is based on the Chen–Stein method and fol-
lows an similar approach as the ones in [29,31]. We first
give definitions that are used in this and the following
proofs. Consider the

ffiffiffi
A
p
�

ffiffiffi
A
p

box BA used in the RGG def-
inition. We partition the box BA in m2 disjoint sub-squares
Bi of side

ffiffiffi
A
p

=m centered at ai 2 BA, i = 1, . . . ,m2. A neighbor-
hood of dependence N i for each i 6m2 is N i ,

j : dðai; ajÞ 6 3r

 �

, where r is the transmission range. We
define Di as disks of radius r centered at ai, i = 1, . . . ,m2. Fi-
nally, we define D(r,x) as the area of the union of two disks
of radius r with centers at toroidal distance x apart.

From the Chen–Stein method we have

dTV W�;Po EðW�Þð Þð Þ 6 2ðb1 þ b2Þ: ðC:1Þ

Now we show that (a) W⁄ is a sum of Bernoulli random
variables, (b) EðW�Þ ¼ e�a� , (c) limk?1b1 = 0, and (d)
limk?1b2 = 0. For this purpose we partition the box BA as
described in Appendix B.

For i = 1, . . . ,m2, define X�i to be the indicator of the
event that there is a single point of P�s in a sub-square
Bi � BA and no points of P�s in the region of all sub-squares
intersecting DinBi. We have

lim
m!1

EðX�i Þ
Ak�

m2 e�k�pr2 ¼ 1: ðC:2Þ

If the two disks of radius r centered at ai and aj cover each
other’s centers, i.e. d(ai,aj) 6 r, we get
Please cite this article in press as: S. Crisóstomo et al., Probabilistic floo
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EðX�i X�j Þ ¼ 0 ðC:3Þ

and if d(ai,aj) > r, we have

lim
m!1

EðX�i X�j Þ
Ak�

m2

� 	2
e�k�Dðr;dðai ;ajÞÞ

¼ 1; ðC:4Þ

Therefore, the total number of isolated nodes of G⁄ is
W� ¼ limm!1

Pm2

i¼1X�i , and

EðW�Þ ¼ lim
m!1

Xm2

i¼1

E X�i
� 	

¼ Ak�e�k�pr2 ¼ e�a� ; ðC:5Þ

where a⁄ = k⁄pr2 � ln(Ak⁄).
We now show that limk!1b�1 ¼ 0 and limk?1b2 = 0.

Combining (C.2) and (B.2) we get

lim
m!1

b1 ¼ lim
m!1

Xm2

i¼1

X
j2N i

EðX�i ÞEðX
�
j Þ

¼ lim
m!1

Xm2

i¼1

pð3rÞ2
A

m2

Ak�

m2 e�k�pr2
� �2

¼ pð3rÞ2

A
e�2a� !

k!1
0: ðC:6Þ

Defining an annular neighborhood Oi for each i 6m2 as

Oi , j : r 6 dðai; ajÞ 6 3r

 �

ðC:7Þ

and combining (B.3) with (C.3), (C.4), (C.7), we get

lim
m!1

b2 ¼ lim
m!1

Xm2

i¼1

X
j2N i ;j–i

EðX�i X�j Þ

¼ lim
m!1

Xm2

i¼1

X
j2Oi ;j–i

Ak�

m2

� �2

e�k�Dðr;dðai ;ajÞÞ: ðC:8Þ

Due to the spatial stationary property of the Poisson point
process, we can re-write (C.8) as

lim
m!1

b2 ¼ lim
m!1

m2
X

j2O1 ;j–1

Ak�

m2

� �2

e�k�Dðr;dða1 ;ajÞÞ

¼ Aðk�Þ2
Z

r6jxj63r
e�k�Dðr;jxjÞdx

6 Aðk�Þ2pð3rÞ2e�k�3
2pr2 !

k!1
0: ðC:9Þ

Combining (C.1) with (C.6) and (C.9) yields

lim
k!1

dTV W�;Po e�a�� 	� 	
¼ 0: ðC:10Þ
Appendix D. Proof of Lemma 2

Similarly, applying the Chen–Stein method we have

dTV W};Po EðW}Þ
� �� �

6 2ðb1 þ b2Þ: ðD:1Þ

For i = 1, . . . ,m2, define X}i to be the indicator of the event
that there is a single point of P} in a sub-square Bi � BA,
ding in stochastic networks: Analysis of global information out-

http://dx.doi.org/10.1016/j.comnet.2011.08.014


1060

1061
1062

10641064

1065

1066
1067

10691069

1070

1071

1072
1073

10751075

1076

1077
1078

10801080

1081
1082

10841084

1085

1086

1087

10891089

1090

1091

1092

1093

1094
1095

10971097

1098
1099

11011101

1102
1103

11051105

1106

1107
1108

11101110

1111

1112

1113
1114

11161116

1117
1118

11201120

1121

1122
1123

14 S. CrisóstomoQ1 et al. / Computer Networks xxx (2011) xxx–xxx

COMPNW 4590 No. of Pages 15, Model 3G

12 September 2011

Q1
and that there are no points of P�s in the region of all sub-
squares intersecting Di. We have

lim
m!1

EðX}i Þ
Ak}

m2 e�k�pr2
¼ 1; ðD:2Þ

lim
m!1

EðX}i X}j Þ
Ak}

m2

� �2
e�k�Dðr;dðai ;ajÞÞ

¼ 1: ðD:3Þ

Thus, the total number of non-dominated nodes of G is
W} ¼ limm!1

Pm2

i¼1X}i , and

EðW}Þ ¼ lim
m!1

Xm2

i¼1

E X}i
� �

¼ Ak}e�k�pr2 ¼ e�a} ;

where a} ¼ k�pr2 � lnðAk}Þ.
We now show that limk?1b1 = 0 and limk?1b2 = 0.

Combining (D.2) with (B.2), we get

lim
m!1

b1 ¼ lim
m!1

Xm2

i¼1

X
j2N i

EðX}i ÞEðX
}
j Þ

¼ lim
m!1

Xm2

i¼1

pð3rÞ2
A

m2

Ak}

m2 e�k�pr2

 !2

¼ pð3rÞ2

A
e�2a} !

k!1
0: ðD:4Þ

Combining (B.3) with (D.3), and taking into account the
spatial stationary property of the Poisson process yields

lim
m!1

b2 ¼ lim
m!1

Xm2

i¼1

X
j2N i ;j–i

Ak}

m2

 !2

e�k�Dðr;dðai ;ajÞÞ

¼ Aðk}Þ2
Z
jxj63r

e�k�Dðr;jxjÞdx

6 Aðk}Þ2pð3rÞ2e�k�pr2 !
k!1

0: ðD:5Þ

Combining (D.1) with (D.4) and (D.5), we get

lim
k!1

dTV W}; Po e�a}
� �� �

¼ 0: ðD:6Þ
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Appendix E. Proof of Lemma 3

The Chen–Stein method yields

dTV W}�;Po EðW}�Þ
� �� �

6 2ðb1 þ b2Þ: ðE:1Þ

We partition the box BA as described in Appendix B. For
i = 1, . . . ,m2, define X}�i to be the indicator of the event that
there is a single point of P�s or P} in Bi � BA, and that there
are no points of P�s in the region of all sub-squares inter-
secting DinBi. We have

lim
m!1

EðX}�i Þ
Akþ1

m2 e�k�pr2 ¼ 1: ðE:2Þ

Let b�ij , k�Dðr; dðai; ajÞÞ. For d(ai,aj) 6 r, we get

lim
m!1

EðX}�i X}�j Þ
Ak}

m2

� �2
1� Ak�

m2

� 	2
e�b�ij

¼ 1 ðE:3Þ
Please cite this article in press as: S. Crisóstomo et al., Probabilistic flo
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and if d(ai,aj) > r, we have

lim
m!1

EðX}�i X}�j Þ
Akþ1

m2

� 	2
e�b�ij

¼ 1: ðE:4Þ

The sum of all non-dominated nodes and all isolated
forwarding nodes of G is W}� ¼ limm!1

Pm2

i¼1X}�i with

EðW}�Þ ¼ lim
m!1

Xm2

i¼1

E X}�i

� �
¼ ðAkþ 1Þe�k�pr2 ¼ e�a; ðE:5Þ

where a = k⁄pr2 � ln(Ak + 1).
We now show that limk?1b1 = 0 and limk?1b2 = 0.

Combining (E.2) with (B.2) we get

lim
m!1

b1 ¼
Xm2

i¼1

X
j2N i

EðX}�i ÞEðX
}�
j Þ

¼ lim
m!1

Xm2

i¼1

pð3rÞ2
A

m2

Akþ 1
m2 e�k�pr2

� �2

¼ pð3rÞ2

A
e�2a !

k!1
0: ðE:6Þ

For each i 6m2 define neighborhoods Oð1Þi and Oð2Þi as

Oð1Þi , j : dðai; ajÞ 6 r

 �

; and; ðE:7Þ
Oð2Þi , j : r 6 dðai; ajÞ 6 3r


 �
: ðE:8Þ

Combining B.3, E.3, E.4, E.7, and E.8, and considering the
stationarity of the Poisson processes, we get

lim
m!1

b2 ¼ lim
m!1

Xm2

i¼1

X
j2Oð1Þ

i
;j–i

Ak}

m2

" #2

1� Ak�

m2

� �2

e�b�ij

þ lim
m!1

Xm2

i¼1

X
j2Oð2Þ

i
;j–i

Akþ 1
m2

� �2

ee
�b�

ij

¼ Aðk}Þ2
Z
jxj6r

e�k�Dðr;jxjÞdxþ A kþ 1
A

� �2

�
Z

r6jxj63r
e�k�Dðr;jxjÞdx

6 Aðk}Þ2pr2e�k�pr2

þ A kþ 1
A

� �2

pð3rÞ2e�k�3
2pr2 !

k!1
0: ðE:9Þ

Combining (E.1) with (E.6) and (E.9) leads to

lim
k!1

dTV W}�;Poðe�aÞ
� �

¼ 0: ðE:10Þ
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